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CHAPTER  I 


INTRODUCTION 


Regarded  operationally,  modern  mathematics  may 
be  divided  into  three  parts.  The  first  of  these  is 
called  algebra,  and  deals  with  finitary  operations. 

The  second  may  be  referred  to  loosely  as  topology, 
and  deals  with  infinite  processes  and  operations. 

The  third  includes  those  fields  of  mathematics  in 
whioh  both  finitary  and  infinite  operations  are  con- 
sidered, and  i 8 called  analysis.  This  view  is  es- 
sentially that  of  Solomon  Lefsohetz  (19)*  Of  the 
fields  of  modern  analysis,  the  one  most  closely  re- 
lated to  classical  mathematics  is  probably  topological 
algebra  (that  is,  the  study  of  systems  which  bear 
both  algebraic  and  topological  structures).  We  will 
agree  for  the  present  to  include  under  the  heading 
topology  the  study  of  geometric  properties  of  metric 
spaces* 

It  is  the  purpose  of  this  dissertation  to  derive 
some  result 8 in  topological  algebra  by  metric  methods. 


1.  Numbers  in  parenthesis  indicate  references  to  the 
bibliography  at  the  end  of  the  dissertation. 
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The  dissertation  is  divided  into  two  main  parts*  In 
the  first  part,  the  major  objective  is  to  extend  to 
very  general  types  of  metric  algebras  the  completing 
process  already  used  In  many  specific  cases  (22)  (23)* 

This  result  will  then  be  applied  to  determine  a char- 
acterization among  normed  commutative  groups  of  sub- 
groups  of  the  additive  groups  of  Banach  spaces* 

The  second  part  is  devoted  to  a very  special  kind 
of  metric  algebra  olosely  related  to  various  previously 
studied  lattice  ordered  algebraio  structures*  Refer- 
ences to  these  relations  will  be  given  at  the  beginning 
of  the  second  part.  The  program  is  essentially  to  con- 
sider a certain  class  of  metric  lattioes  bearing  a 
third  operation,  to  show  that  a subclass  of  these  is 
the  class  of  operator  lattices  of  a certain  type,  and 
finally,  to  show  that  a subclass  of  this  class  of  oper- 
ator lattices  coincides  algebraically  with  a class  of 

- v 

semigroups  of  prime  importance*  namely,  those  semigroups 

* 

whose  arithmetic  is  a straightforward  generalization  of 
the  multiplicative  part  of  elementary  number  theory. 
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CHAPTER  II 

PRELIMINARY  CONCEPTS 

In  this  chapter  will  be  introduced  some  notions 
necessary  for  later  arguments* 

1.  Seta,  functions,  and  mappings* 

A set  S is  an  aggregate  of  objects,  called  elements 
or  points.  together  with  some  rule  for  deciding  whether 
or  not  a given  element  belongs  to  the  set.  A function, 
or  mapping,  is  a correspondence  between  elements  of  a 
set,  or  between  elements  of  two  different  sets*  That 
part  of  a set  for  which  the  correspondence  is  defined 
is  the  domain  of  the  function;  that  set  into  which  a 
domain  is  mapped  by  a funotion  is  called  the  range  of 

the  funotion.  The  correspondence  need  not  be  one-to- 

* 

one,  nor  need  all  the  elements  in  the  range  actually  be 
used  in  the  correspondence*  A function  takes  its  argu- 
ments from  the  domain,  and  its  values  in  the  range* 

The  function  assigns  to  each  set  of  n elements  in  the 
domain  a value  or  set  of  values  in  the  range,  depending 
on  whether  the  function  is  single  or  multiple  valued. 

In  the  case  that  n is  1 and  the  function  is  single- 
valued, the  mapping  terminology  particularly  applies* 


In  this  case  an  element  in  the  domain  has  an  image 
under  the  mapping#  and  an  element  in  the  range*  if  it 
is  used  in  the  correspondence#  has  one  or  more  originals 
or  counter  images*  The  inverse  of  such  a mapping  is  the 
correspondence  defined  in  the  reverse  fashion#  or  a 
function  which  takes  images  as  arguments#  and  counter 
images  as  values*  #e  shall  restrict  the  notion  of  map- 
ping to  single  valued  functions  in  this  paper. 

A function  will  be  given  a letter  label#  such  as 
F#  g#  or  o{  • F(a)  means  the  image  of  the  element 'a 
under  the  function  F.  If  several  mappings  operate  on 
the  same  set#  however#  we  shall  find  it  convenient  to 

use  the  operator  notation  for  a mapping,  in  whioh  ao\ 

x / 

denotes  the  image  of  the  element  a under  the  mapping  <=^  • 
This  facilitates  the  writing  of  repeated  mappings*  as 
in  (ao()  (3,  A product  o((3  of  two  mappings  on  a set  S 
is  the  mapping  defined  by  x{o((3)  ■=  (xoO^for  all 
elements  x in  S* 

2*  M£ebrafl. 

By  an  algebra,  we  mean  a set  A of  elements*  to- 
gether with  a number  of  single  valued  functions  taking 
on  values  in  the  same  set  A*  We  shall  immediately  re- 
strict ourselves  to  algebras  possessing  only  a single 
function  of  two  arguments  whose  domain  is  the  set  of  all 
pair 8 of  elements  from  A*  Such  a function  is  called  a 
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binarv  operation  or  gflfflpQaltlon*  and  is  denoted  by  writ- 
ing the  two  arguments  with  the  symbol  for  the  operation 
plaoed  between  them»  as  a+b»  or  merely  by  juxtaposition* 
as  ab.  The  set  A with  this  operation  is  called  a group- 
old*  A given  set  G may  form  a groupoid  under  more  than 
one  operation*  henoe,  to  be  completely  clear*  the  group- 
old  should  be  designated  as  0(ab),  where  a and  b are 
elements  of  the  set  0,  and  the  binary  operation  is  in- 
dicated by  juxtaposition*  However*  when  the  context 
makes  the  operation  clear,  we  shall  refer  to  the  groupoid 
merely  by  its  set  label* 

From  this  simple  beginning,  it  is  possible  to  ar- 
rive at  familiar  algebraic  systems  by  requiring  that 
additional  postulates  be  satisfied  (7).  The  groupoid 
property  is  more  succinctly  stated  as  the  property  of 
operational  closure*  If  we  require  that  the  operation 
ab  be  associative,  that  is,  a(bo)  « (ab)o  for  any  three 
elements  in  the  algebra,  the  resulting  system  is  called 
a semigroup*  If,  for  any  two  elements  a and  b of  G, 
there  exists  uniquely  an  x,  also  in  G,  such  that  ax  * 
b,  and  a unique  y such  that  ya  *=  b,  the  groupoid  G is 
said  to  be  a quasigroup , and  the  property  is  called  the 
qua el group  property*  Briefly,  it  is  the  property  that 
equations  have  solutions  on  both  sides*  Note  that  this 
requires  that  an  associative  nuasigroup  G have  an  i fl- 
ea ti  tv*  or  an  element  e such  that  ae  ^ ea  * a for  all 
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a in  0,  and  that  this  identity  be  unique.  This,  in 
turn#  requires  that  each  element  have  an  inverse . i*  e., 

ail 

an  element  a x such  that  a a * aa  * * e* 

One  set  of  requirements  on  a groupoid  in  order 
that  it  be  a group  is  that  the  operation  be  associative* 
that  there  exist  a unique  identity*  and  that  each  el- 
ement have  an  inverse.  Thus  we  can  "factor*  a group 
into  a semigroup  and  a ouasigroup  in  this  sense:  a 
quasi group  which  is  a semigroup  is  a group. 

A subset  of  a groupoid  which  is  itself  a groupoid 
under  the  same  operation  is  called  a sub groupoid  of 
the  original  one.  This*  of  course*  means  that  the  re- 
sult of  combining  any  two  elements  in  the  subset  under 
the  given  operation  is  an  element  in  the  subset.  If, 
moreover,  the  result  of  combining  any  element  of  the 
set  with  an  element  of  the  subset  is  an  element  of  the 
subset,  the  subset  is  an  ideal  of  the  original  groupoid. 
Clearly*  an  ideal  is  a subgroupoid. 

If  a subgroupoid  is  of  a special  nature,  it  is  re- 
ferred to  by  the  appropriate  name  indicating  this  na- 
ture. For  example,  if  A is  a subset  of  the  groupoid 
B which  forme  a group  under  the  same  operation,  it  is 
called  a subgroup  of  B regardless  of  whether  or  not  B 
is  a group. 

The  operation  in  a groupoid  0 will  ordinarily  be 
called  multiplication  for  convenience.  Multiplying 
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all  elements  of  G on  the  right  by  a single  element  V 
maps  G into  itself.  Such  a mapping  is  called  the  right 
translation  of  G by  a,  and  is  denoted  by  F^.  A left 
translation t La»  is  defined  similarly.  If  G is  com- 
mutative (that  is,  ab  * ba  for  all  a and  b in  0) , these 
mappings  coincide*  and  the  mapping  is  simply  a trans- 
lation* which  we  shall  call  1^. 

A homomorphism  of  one  algebra  into  another  is  a 
many-to-one  mapping  which  preserves  the  operation. 

More  precisely,  if  f is  a mapping  of  G(ab)  into  H(xAy)* 
then  f is  a homomorphism  if  f(ab)  m f(a)  A f(b).  If  a 
homomorphism  maps  an  algebra  into  itself,  it  is  an 
endomorphism.  It  a homomorphism  is  one-to-one,  or 
biuni fora,  it  is  an  Isomorphism.  Such  a mapping  need 
not  exhaust  the  image  set.  If  it  does,  the  isomorphism 
i 8 said  to  be  onto . Otherwise,  the  isomorphism  is  into, 
and  we  have  embedded  one  algebra  leomorphiaallv  in 
another.  An  automorphism  is  an  endomorphism  which  is 
an  isomorphism  ohto. 

A partially  ordered  ggt  Pisa  set  of  elements 
in  which  a binary  relation  ^ (precedes)  is  defined, 
which  relation  is 

(Pi)  reflexive^  x ^ x for  all  x In  Pi 

(P2)  antisymmetric:  x ^ y and  y ^ x imply  x «=  y» 

(P3)  transitive:  xv<y  and  y z imply  x ^ z for  all 


x,  y,  and  z in  P. 
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x ^ y (x  follows  y)  is  defined  to  mean  y ^ x.  Rote 
that  not  all  pairs  need  be  comparable  by  < in  a partially 
ordered  set.  If  all  pairs  are  ordered  by  ^ (as  in  the 
case  of  the  real  numbers) , the  set  is  said  to  be  sim- 
ply* or  linearly . ordered,  x < y (x  properly  precedes 
y)  means  x ^ y and  x 4 !• 

An  upper  bound  for  a subset  of  P is  an  element  u 
suoh  that  u & x for  all  x in  the  subset*  a lower  bound 
is  defined  dually.  A least  upper  bound  (l-u.b.)  is  an 
upper  bound  which  preoedes  every  other  upper  bound 
(and  dually  for  a greatest  lower  bound*  g.l.b.).  An 
arbitrary  subset  of  a partially  ordered  set  may  fail 
to  have  any  one  or  all  of  these  bounds. 

A lattice  (*0  is  a partially  ordered  set  P,  any 
two  of  whose  elements  have  a g.l.b.  or  meet,  and  a 
l.u.b.  or  Join.  Then,  of  course,  any  finite  subset 
also  has  a meet  and  a Join.  If  every  subset  has  a meet 
and  a Join,  the  lattice  is  said  to  be  lattice  complete. 

A lattice  oan  also  be  defined  as  a set  L whioh 
forms  a groupoid  under  two  operations,  these  operations 
being  aAb  and  a\/b  (read  "a  meet  If  and  "a  Join  b", 
respectively),  satisfying  the  following  postulates* 

(LI)  Idempotenee*  x/lx  • xVx  * x»  for  all  x in  Li 
(L2)  Commutativity*  x/\y  * yAx,  xVy  « yl/x;  for 


A 


all  x and  y in  Li 
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(13)  Associativity:  (xAy)Az*  xA(yAz),  and 

(xVy)  Vz  * x V(yVz)  > for  all 
x,  y,  and  z in  Li 

(l»4)  Absorptivity:  xA(xVy)  * xV(xAy)  » xt  for 

all  x and  y in  L. 

The  two  definitions  given  here  can  be  shown  to  be 
eouivalent  by  defining  x jt  y if  and  only  if  xA y * x. 

We  shall  need  the  notions  inherent  in  both  definitions. 
The  two  operations  preserve  order i that  ie»  If  a < o» 
and  b ^ d,  then  aVe  < bVd*  and  a Ac  < bAd. 

In  any  lattice  we  have  the  one-way  distributive 

laws: 

(D^)  aV(bAe)  <:  (aVb)A(aVcH 

(D2)  aA(bVo)  £ (aAb)  V^aAoJj 

for  all  a,  b,  and  c in  the  lattice.  If  ^ in  (D*)  and 
in  (D2)  can  be  replaced  with  *=,  the  lattice  is  said 
to  be  , distributive* 

A EftSSfi  diagram  for  a finite  lattice  (or  any  finite 
partially  ordered  set)  is  a diagram  in  which  each  el- 
ement  of  the  lattice  is  de8ignated  by  a point  in  a plane 
configuration.  Then  the  elements  a and  b in  the  lattice 
are  in  the  relation  a < b if  and  only  if  the  point  cor- 
responding to  'a  lies  below  the  point  corresponding  to  V* 
and  is  connected  to  it  by  a segment  or  sequenoe  of  seg- 
ments* 
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A sublattioe  is  a subset  of  a lattice  which  con- 
tains! with  any  two  elements » their  meet  and  Join.  A 
lattice  which  is  not  distributive  must  contain  one  of 
the  following  sublattices* 


figure  1 Figure  2 


A lattice  is  XfilatlYely  complemented  if,  for 
a « x ^ b,  there  exists  an  element  y in  the  lattice 
such  that  xAy  * a,  and  xV  y « b.  In  neither  of  the 
above  sublattices  are  relative  complements  unique.  A 
necessary  and  sufficient  condition  that  a lattioe  be 
distributive  is  that  relative  complements  be  uniquely 
determined. 

A modular  lattice  is  one  in  which  the  following 
condition  is  satisfied* 

(M)  a$  c implies  aV(bAc)  * (aVb)Ao. 

A distributive  lattice  is  necessarily  modular*  Every 
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non-modular  lattice  contains  a sublattioe  isomorphic 
to  the  lattice  in  Figure  2« 

A first  element  0 for  a lattice  is  an  element 
which  preoedes  all  the  elements  in  the  lattice.  A 

lattice  is  atomic , if  for  x >0,  there  is  an  element 

* 

y with  0 < y ^ x such  that  z ^ y implies  z * 0 or  z * y. 
The  element  y is  called  an  atom.  Roughly,  atomicity 
means  that  there  are  elements  of  the  lattioe  immediately 
following  the  first  element.  This  is  not  true  in  the 
lattice  of  non-negative  real  numbers , since  there  is 
no  first  element  following  the  number  0. 

A lattice  -isomorphism  is  a one-to-one  mapping  of 
one  lattice  into  another  which  preserves  both  opera- 
tions. A lattice  endomorphism  is  a many-tp-->ne  mapping 
of  a lattice  into  itself  which  preserves  both  operations. 

A real  .vector  apace  is  a commutative  group  G(a*b) 

(it  i 8 customary  to  use  the  additive  notation  for  a 
commutative  group,  where  -x  is  the  inverse  of  x,  and 
0 is  the  group  identity)  which  is  closed  under  multi- 
plication by  real  numbers,  which  multiplication  satis- 
fies: 

(VI)  (o{+  (2)x  rn  c?<X*  (3x> 

(V2)  c^(x  + y)  * o( x ♦ c?(y, 

(V3)  o(((3x)  * (o((3)x$ 

(vh)  lx  « x , 

where  o(  and  (3  are  any  real  numbers,  and  x and  y are 


12- 


any  elements  of  0.  A rational,  Yfifitor  -apace  (12)  Is 
a commutative  group  which  admits  multiplication  by  rat- 
ionale in  the  same  manner. 

3*  Saul valence  relations. 

An  equivalence  relation  is  a binary  relation  be- 
tween elements  of  a set  which  satisfies  the  following 
postulates* 

(El)  Reflexivity:  aRa  for  all  a in  the  set;  or  an  el- 

ement must  be  in  the  relation  with 
itself; 

(E2)  Symmetry:  aRb  implies  bRa; 

(E3)  Transitivity:  aRb  and  bRo  imply  aRo. 

As  a simple  example,  equality  among  real  numbers  is  an 
equivalence  relation. 

The  presence  of  an  equivalence  relation  in  a set 
allows  us  to  partition  the  set  into  nnui valence  classes, 
grouping  together  those  elements  which  are  in  the  re- 
lation with  each  other.  Oftentimes  this  enables  us  to 
reason  on  equivalence  classes  as  though  they  were  single 
elements,  the  reasoning  being  valid  for  all  members  of 
the  class. 

An  equivalence  relation  partitions  a set  into  dis- 
joint classes;  for,  if  there  were  an  element  common  to 
two  classes,  by  (E3)  all  elements  of  both  olasses  would 

l 

be  in  the  relation  with  each  other.  On  the  other  hand, 
if  a set  is  partitioned  into  disjoint  classes,  we  can 


define  an  equivalence  relation  on  the  set  by  putting 
xRy  if  and  only  if  x and  y are  in  the  same  class. 

4.  Gauss lan  semigroups  (g)  (l6). 

Let  G(ab)  be  a oommutative  semigroup  with  identity 
e,  in  whioh  ax  * ay  implies  x * y (the  cangfillation 
law) . A unit  in  G is  an  element  whioh  has  an  inverse. 
For  a and  b in  Q,  we  say  that  a divides  b,  written  ajb, 
if  there  is  an  element  x in  G suoh  that  ax  * b.  If  ajb 
and  b|a»  a and  b are  called  associate  elements.  The 
relation  of  associateness  is  easily  seen  to  be  an  equiv- 
alence relation.  A proper  factor  of  an  element  a Is 
an  element  b such  that  b)a,  and  b is  neither  a unit  nor 
an  associate  of  a.  An  element  is  irreducible  if  it  is 
not  a unit  and  has  no  proper  factors. 

A factorization  of  an  element  into  the  produot  of 
irreduoibles  is  essentially  lmique  if,  for  any  other 
factorization  into  irreduoibles,  the  number  of  factors 
in  each  factorization  is  the  same,  and  each  irreduoible 
in  the  first  faotorization  is  associate  to  an  irreduci- 
ble in  the  second. 

A flausalan  semi  grout!  (or  arithmetic)  is  a oommu- 
tative semigroup  with  identity  and  cancellation  in  whioh 
every  non-unit  has  an  essentially  unique  faotorization 
into  irreduoible  elements. 

Let  G(ab)  be  a Gaussian  semigroup.  If  we  partition 


0 into  equivalence  classes  by  the  relation  of  assoc- 
iateness* we  get  another  Gaussian  semigroup  0*.  In  G* 
there  are  no  associate  elements*  and  there  is  only  one 
unit,  the  identity  element.  Henoe*  faotoriaation  into 
irreducibles  in  G*  is  unique*  G*  is  oalled  a reduced 
flaUBfilan  semigroup. 

A male  aft  fiQmrcan  divisor  (g.c.d.)  of  a and  b in 
the  Gaussian  semigroup  G(ab)  is  an  element  d such  that 
dja  and  djb,  and  if  o|a  and  c|b,  then  ojd.  A least 
common  multiple  of  a and  b is  an  element  m such  that 
^1®  and  bjm*  and  if  ajk  and  bjk,  then  mjk.  Every  pair 
of  elements  in  a Gaussian  semigroup  has  a g.c.d.  and  a 

1 * c »m  • 

5*  -scaoes. 

A metric  space  M is  a set  together  with  a non- 
negative, single  valued,  real  valued  function  ®(x»y) 
defined  on  each  pair  of  elements  of  M * whioh  satisfies 
the  following* 

(Ml)  Vanishing  condition*  a(a,b)  * 0 if  and  only  if 

a * bj 

(M2)  Symmetry  condition*  a(a,b)  « a(b,a)  for  all  pairs 

(M3)  Triangle  inequality*  a(a,b)  ♦ ®(b,o)  ^ a(a,c); 

for  all  a,  b,  and  o in  M. 

The  mfilrlg  a(x,y)  induces  a topology  on  the  set 
M in  this  manner*  a point  p is  in  the  olosurs  0f  a sub- 
set A of  M If  every  sphere  3(p,r)  (the  points  x of  M 
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suoh  that  e(x,p)  < r,  where  r > 0 Is  the  radius  of  the 
sphere)  has  points  in  oommon  with  the  set  A*  It  follows 
that  every  point  of  A is  in  the  closure  of  A*  denoted 
T,  since  p is  in  every  such  sphere.  If  the  do sure  of 
a subset  of  M is  M itself*  the  subset  is  said  to  be 
dense  in  II.  If  there  are  points  of  A other  than  p in 
every  sphere,  then  p is  an  aCfflttnul,a.Ufln  Mint  (of  the 
subset  A or  of  the  space  U).  In  this  case*  there  must 
be  an  infinite  number  of  points  of  A in  every  sphere 
about  p*  since  if  there  were  only  a finite  number*  there 
would  be  a nearest,  and  a sphere  of  radius  less  than 
this  minimum  distance  would  exclude  all  points  of  A 
other  than  p itself.  From  this  infinite  set,  it  is 

possible  to  ohoose  a sequence  of  points  (xn)  * xi»xp»...* 

- ,f.  * » 

suoh  that  for  any  6 > 0,  there  exists  an  integer  H 
such  that  for  n > N,  e(xn*p)  < 6 • Such  a sequence  of 
points  is  said  to  be  convergent,  converging  to  the  limit 
p.  This  can  be  briefly  written  as  lim  xn  * p.  Limits 

n-+oo 

of  seouences,  if  they  exist*  are  unique  in  metric  spaces* 

«'e 

A £auchy  (regular,  fundamental ) seouence  (xn)  is 
one  for  which  there  exists*  for  any  6 > 0*  an  integer 
H such  that  for  n,  m > N,  a(xn»xm)  < a . Hote  that 

. i 

this  sequence  need  not  have  a limit  in  an  arbitrary  me- 
tric spaoe.  If  every  such  sequence  has  a limit,  the 
metric  space  is  said  to  be  complete.  The  real  numbers 
enjoy  this  property,  although  the  rationale  do  not.  The 


Cantor  completion  of  the  rationale  is  accomplished  by 
taking  as  elements  of  a new  spaoe  equivalence  classes 
of  Cauchy  sequences  of  rational  numbers*  These  are  de- 
fined to  be  real  numbers*  The  rationale  then  are  iso- 
morphic to  a subset  of  these  equivalence  classes*  namely 
those  that  had  rational  limits* 

An  isometry  is  a one-to-one  mapping  of  one  metric 
space  into  another  which  preserves  distance*  i*e*»  the 
distance  between  two  points  in  the  domain  of  the  mapping 
is  the  same  as  the  distance  between  their  images* 

We  will  now  consider  the  generalisation  to  any 
metrio  space  of  the  method  of  completion  outlined  above* 
The  proof  of  the  following  theorem  is  translated  and 
adapted  from  Kuratowski  (17). 

Ike.  Hausdorff  Ihsorem1  Anx  me  trio  apace  lsoastrle 

Ifl  & .denes  anti  set  at  a aomslfile,  asirlc  ,g**Q£* 

Proof*  Let  M be  an  arbitrary  metric  space*  We 

take  as  elements  in  a new  space  O'  all  Cauchy  sequences 

of  elements  from  If*  A point  of  C'  is  the  seouence  (xn) 

of  points  of  M.  Form  equivalence  classes  of  elements 

of  O'  under  the  relation  X R Y,  where  X * (xn)  and  Y * 

(yn),  if  and  only  if  lim  a(xn»yn)  « 0.  This  yields  a 

n-*  <5 

new  space  0,  the  space  of  equivalence  classes  of  O'  * and 

the  point  X in  the  space  C will  denote  the  equivalence 

class  of  Cauchy  seruences  from  M which  contains  (xn)* 

In  0,  define  p(X-*Y)  to  be  lim  s(xn»yn)»  where  (O  and 
' n-*°o 
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(yn)  are  any  representatives  from  the  equivalence  classes 
X and  Y,  respectively.  Now,  if  (x&)  and  (y£)  are  any 
two  different  representatives,  we  have  a(xn,yn)  ^ 

®(xn»xn)  7 a(x£»y£)  4 e<yA»yn)*  by  <M3)«  Taking  the 
limit  as  of  both  sides  of  this  inequality,  we  have 

that,  if  both  limits  exist,  lim  d(*J*yA)  ^ lim  a(zn*yn)# 

Similarly,  lim  s(x^,y^)  « lim  a(x«,yn),  so  that  if  these 
n-»  e°  rt-*^ 

limits  exist,  they  are  equal,  and  the  definition  of 
P (X,Y)  is  independent  of  representatives.  To  show 
that  the  limit  exists,  we  observe 

d(xn,yn)  ^ d<xn»xm)  4 d<xm»ym)  4 d(y«»yn)* 

or  a(xn,yn)  - a(*a,ym)  4 d(yn»yffl)* 

The  right  side  of  the  last  inequality  can  be  made  ar- 
bitrarily small,  so  we  have  here  the  condition  that 
a sequenoe  of  real  numbers  be  Cauchy.  The  reals  are 
complete,  henoe,  a limit  for  this  sequence  of  reals 
exists.  Thus,  jO(x,Y)  is  defined  for  all  pairs  in  0, 
and  this  definition  is  independent  of  representatives. 

The  vanishing  condition  and  the  symmetry  condition 
are  obvious  from  the  definition,  so  it  remains  to  cheok 
the  triangle  inequality.  3inoe  a(xn,yn)  -f  a(yn»zn)  >> 
s(x^,zn),  by  passing  to  the  limit  on  n we  get  that 
p (X,Y)  + p(Y,Z)  > p(X,Z) . Hence,  C is  a metric  space. 

The  sequenoe  from  tf  in  which  every  member  is  the 
point  x i 8 clearly  a Cauchy  sequence,  so  we  expeot  to 


find  its  equivalence  class  in  0.  For  two  such  sequences, 
(x)  and  (y)»  p(X,Y)  * lira  a(x,y)  * a(x,y).  Thus  If  is 
isometric  to  a subset  of  0 under  the  mapping  x -♦  |(x$  , 
where  {(x)j  denotes  the  equivalence  class  of  which  (x) 
is  a member* 

It  remains  to  prove  that  0 is  complete*  Let 
X1 »*£*•• • he  any  sequence  of  elements  from  9,  where 
Xq  is  the  equivalence  olass  of  the  sequenoe  xJ,Xg,**. 
of  elements  from  M*  We  use  the  superscript  n to  in* 
dicate  its  relation  to  Xjj*  There  exists  a sequence  of 
positive  integers  m^m^,***  such  that 

(1>  d<xmn»xi>  < J » for  i > mn, 

since  each  (xk)  is  a Cauchy  sequence*  Now  suppose  that 
(Xq)  is  a Cauchy  sequence  in  0.  We  wish  to  prove  that 
it  ha 8 a limit}  that  is,  that  there  is  some  Cauchy  so* 
quence  from  If  whose  equivalence  class  X is  lim  Xn* 


•} 


Consider  the  sequenoe  class  X * 
where  the  mn  are  the  integers  selected  above*  Select 
6 >0*  The  sequence  X^fXp****  is  Cauohy*  hence,  there 
exists  an  integer  q > £ such  that  p(Xq^X<y+k)  < 6 for 
all  k*  From  the  definition  of  p(X,Y),  there  must 
exist  a sequence  of  integers  jk  (dearly  ) depends  on 
k*  hence  the  subscript)  such  that 


(2)  a(x£,x|*k)  <6  for  i > jk. 


Then  the  inequality 


•<4„.>s£k> * * *<*?.*f  k>  * *<*r.*s£k> 

implies,  with  (1)  and  (2),  that  for  i greater  than  ntq» 
Jk»  and  fflq+k* 

<3)  a(xSq»x^k)  ^ 1 ^ <36  for  all  k. 

Hence  X * {x^  ,x®2**  * *j  *8  a 0auchy  sequenoe  class. 

The  ineouality 

« »(*?.*gn)  ♦ »(*sn.4t) 

implies  that  for  i > mn,  n > q,  and  i > q, 

(k)  ©(xj,^)  < 1 + 6^  < 76  . 

Thus,  for  any  € >0,  there  exists  an  integer  q such 
that  for  n > q,  the  inequality  (4)  holds,  in  oase  i 
is  sufficiently  large.  As  i becomes  infinite,  we  have 
P(Xn,X)  * lira  »(xf»x£  ) ?£  » or  lim  X,  * X. 

jfc-*c0  i n-*°* 

The  subset  of  C considered  before,  namely,  that 
consisting  of  sequences  of  iterated  elements  from  V, 
is  dense  in  0;  that  is  to  say,  every  point  of  0 is  in 
the  olosure  of  this  subset.  To  show  this,  consider 
any  element  of  C,  say  X * {*i»r2 »•••]•  It  can  be  written 
as  lim  Xk,  where  Xk  * {*k»xk»“#j»  for  k * 1*2,...  • 
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5*  Metric  algebras* 

A single  valued  function  defined  on  a metric  space 
M and  talcing  values  in  another  metric  space  K (which  may 
be  M)  is  said  to  be  continuous  & point  p in  M pro- 
vided* for  any  sequence  (xn)  in  M with  p as  a limit, 
lim  fCxjj)  « f(p)*  If  ®(a,b)  is  the  metric  in  M and 


p(c,d)  the  metric  in  K»  this  definition  can  be  stated 
thus!  for  any  £ > 0,  there  exists  y > 0 such  that  if 


continuous  over  a subset  of  a metric  space  if  it  is 
continuous  at  each  point  of  the  subset. 

A funotion  of  two  arguments  in  a metric  space  M 
taking  values  in  another  metric  space  is  said  to  be 
simultaneously  sofltlaUflUfi  for  the  arguments  p and  q if 
for  (xn)  approaching  p and  (yn)  approaching  q,  we  have 
lim  f(xn,yn)  * f(p*q) • This  funotion  is  uniformly  jaan- 


tlnuous  in  x over  K,  a subset  of  M,  if  6 > 0 implies 
the  existence  of  'y  > 0 such  that  a(x»x0)  < 'y  implies 
that  p(f(x,y)  ,f  (x0»y) ) < £ for  all  y in  the  subset  K 
of  M.  If  K * if,  we  say  merely  that  f(x,y)  is  uniformly 
continuous  in  x.  f(x,y)  is  simul taueouelv  uniformly 
.continuous  in  both  arguments  if  6 > 0 implies  the 
existence  of  ^ > 0 and  > 0 011011  that  d( ***<>)  < "7l 
and  a(y,y0)  < imply  that  p(f (x,y)  ,f (x0,y0) ) < 6. 

In  particular*  the  distance  function  on  any  metric 


A funotion  is 
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space  i 8 simultaneously  uniformly  continuous.  This  is 
an  immediate  con sequence  of  the  triangle  inequality. 

The  application  of  these  types  of  continuity  to 
groupoids  which  are  also  metric  spaces  should  be  pointed 
out.  The  binary  operation  in  a groupoid  is  a single 
valued  function  of  two  arguments,  and  therefore,  it  is 
meaningful  to  speak  of  the  operation  as  continuous  in 

t 

one  argument,  simultaneously  continuous,  etc. 

Oertain  algebras  are  metrized  in  terms  of  a real 
non-negative  function,  oalled  a norm,  defined  on  each 
of  its  elements  and  satisfying  certain  conditions.  In 
an  additively  written  group  0,  this  horm,  written  |x|, 
must  satisfy 

(HI)  |x|  * j-xj  for  all  x in  G,  or  an  element  and  its 
inverse  have  the  same  norm* 

(N2)  |xj  « 0 if  and  only  if  x is  the  identity  0} 

(H3)  |x  4 y|  ^ jxj  4 jyj . 

The  metric  on  a normed  group  is  a simple  generalization 
of  the  distance  function  on  the  Euclidean  line.  In  the 
normed  group  G,  »(x,y)  is  defined  to  be  Jx  - yj.  The 
metric  space  postulates  follow  direotly  from  (Hi)  - (N3). 

A norm  for  a lattice  L must  be 

(a)  strictly  monotone  increasing;  x < y implies  jxj  < jy|  , 

(b)  modular;  jaj  4 |bj  * |a\/b|  4 JaAbJ. 

In  a normed  lattice,  the  distance  function  is  a(a,b)  * 

Ja  Vbj  - ja  AbJ . 
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The  norm  for  a real  (rational)  vector  space  must 
be  a norm  for  the  additive  group  of  the  veotor  space » 
i*e.(  it  must  satisfy  ( N1 ) - (JH)  above,  and  also 
(N4)  |o<xj  = jc^j  jxj , 

where  |ct<  j denotes  the  absolute  value  of  the  real  (rat- 
ional) number  <p< . The  metric  for  a vector  space  is 
the  same  as  for  its  additive  group. 

If  a normed  real  veotor  space  is  metrioally  com- 
plete, it  is  called  a Banaoh  apaop . 

In  the  sequel,  when  we  speak  of  a normed  group  or 
lattice,  it  will  be  assumed  that  the  space  has  been  me- 
trlzed  in  the  manner  described  above. 
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CHAPTER  III 

tf.  I * , II  I I 

algebraic  properties  ih  metric  spaces 

hr 

Let  G(ab)  be  a groupoid  srhich  is  also  a metric 
space  under  the  distanoe  function  &(a,b).  We  will  call 

G(ab)  pseudo-metric . metric.  nalfonaly  iir'mdo-metrlc. 

• * 

OT  uniformly  metric,  according  as  the  operation  ab  is 
continuous  in  each  argument,  simultaneously  continuous 
in  both  arguments,  uniformly  continuous  in  each  argument, 
or  simultaneously  uniformly  continuous  in  both  arguments, 
respectively.  It  follows  from  a theorem  of  E.  H.  Moore 
in  general  analysis  that  a uniformly  pseudo-metric  group- 
oid is  necessarily  a metric  groupoid. 

Under  the  hypothesis  of  one  or  another  of  these 
types  of  continuity,  certain  algebraic  properties  of  a 
subset  of  a metric  space  are  extendable  to  the  closure 
of  that  subset.  Let  S be  a subset  of  a metric  space, 
and  a its  closure. 

3*1*  If  3 i£  an  jftsal  OX  A neeudo-metrlc  group- 
Qld.  then  9 Jjj  also  an  ideal . 

Proof . Let  3 be  an  ideal  in  the  pseudo-metric 
groupoid  G(ab).  Select  any  point  x in  Is.  We  may  write 
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x as  lim  x-»  with  eaoh  xn  in  3,  since  every  point  in 
Wr+v°  n 

3 is  a point  of  S,  or  the  limit  of  a sequence  from  S. 

In  the  first  case,  x is  the  limit  of  the  sequenoe  made 
up  of  x in  every  place.  For  y any  element  of  0,  xny 
and  yxn  are  in  3 by  the  ideal  property,  and  we  have 
from  the  peeudo-metricity  of  Q that  xy  and  yx,  the 
limits  of  these  two  sequences,  are  in  *8. 

Ikeorem  3»2»  if  s is  a subgroupoid  of  ft  in* trig  grniir 

•aid*  then  S is  alfiQ  & flubcrronnold . 

Proof . Select  x and  y in  S.  Then,  as  in  Theorem 
3*1,  x * lim  Xjj , and  y « lim  yn»  where  xn  and  yn  are  in 

n-+c>z 

S for  all  n*  Since  xy  * lim  Xi^y^  by  the  simultaneous 

ng  °° 

continuity,  xy  must  be  in  "s. 


■IdfiQrftm  3*3-  If  e is  an  identity  for  & miheet  S sf  the 
nseudo-metric  sioapolfl  0,  fhen  eJsM  identity  for 


fJCQOf » Consider  xe  for  x any  element  in  S. 
before,  x * lim  x„,  where  eaoh  xn  is  in  8.  xe  * 
* lim  Xa>  *=  x* 

n r¥oD 


As 

lim  xne 
n-*°^ 


Theorem  3»^»  If  the  commutative  law  holds  over  a sub- 

^ of  Si  metric  groupold,  then  the  commutative  law 
holds  over  "§• 


ZlQQl » Select  x and  y in  S,  where  x « lim  xn,  and 

n-*  °° 

y * lim  yn.  Then  xy  * lim  xnyn  * lim  ynxn  » yx  by  the 
n-*-^  n -*o°  nr*  oo 

simultaneous  continuity  and  commutativity  of  S. 


drr 


Theorem  3.5.  II  aaflQfiAaUlfi  lag  kQlflfl  ££&!  A .8Ufr» 

•Bfil  3 ill  a mg  Ills  grounoid.  tftsn  _fc]l£  aB,fi,flfilaUT,S  log 
holds  over  3. 

Proof  > Select  x,  y,  and  z in  *3,  where  we  may  write 

x « lim  xn»  y * lim  yn»  and  z * lim  zn.  Then  xy  * 
n-*‘<3  r*-* 

lim  x^  and  yz  = lim  ynzn.  However,  xn(ynzn)  * (xnyn)zn 

n-*  06 

for  all  n,  since  these  elements  are  all  in  3,  which  was 
assumed  to  be  associative.  3inoe  limits  of  seouences 
are  unique  in  metric  spaces,  it  follows  that  x(yz)*  (xy)z. 

4 t , 

f 

J*  ■?  ' J 
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OHAPTSR  IV 

COMPLETION  OF  UNIFORMLY  METRIC  0R0UP0ID8 

Throughout  this  section,  G(ab)  denotes  a uniformly 
metric  groupoid,  and  C denotes  the  Cantor-Hauedorff 
completion  of  the  metric  spaoe  0.  We  will  write  an  el- 
ement of  0 as  {(xn)j  where  (xn)  is  a representative  of 
the  equivalence  class  of  Cauchy  sequences  in  G which 
constitute  the  element  of  0.  It  should  bo  noted  again 
that  C is  complete,  and  that  the  mapping  x —►  » 

where  (x)  represents  the  sequenoe  x,x,...,  is  an  isom- 
etry mapping  sending  G into  a dense  subset  of  C,  which 
we  shall  denote  by  G* . 

Lemma  4.1.  11  jsa  define  an  operation  a in  Q in  this 
mamas  r;  {(xn))  A {(yn)j  * [( xnyn)]  , J&ea  G lams,  a ground d 

ULdfiX  JfciLLa  alteration  t mad  laometrv  mapping  of  G onto 

°*  Ifl  an  IjBQmai^hlffln- 

Lgflgl ♦ An  isometry  is  necessarily  one-to-one,  or 
it  would  not  preserve  distances.  If  0 is  a groupoid, 
it  will  be  obvious  that  this  mapping  is  an  Isomorphism 
from  the  definition  of  the  operation  in  0.  To  show  that 
0 is  a groupoid,  we  must  show  that  the  product  of  any 


-27- 


two  elements  of  0 Is  actually  In  C,  and  that  this  pro- 
duct is  uniquely  determined  independent  of  the  repre- 
sentatives chosen  from  the  equivalence  classes  to  per- 
form the  operation  indicated  on  the  right  side  of  the 
equality.  That  the  product  is  in  0 follows  from  the 
uniform  metrloity  of  O(ab).  a(*nyn,*„ym;  « 

♦ a<*n7m*Wa>-  so  that  if  (xn)  and  (yn)  are  Cauchy 
sequences#  the  two  terms  on  the  right  side  of  this  in- 
equality can  be  made  arbitrarily  small.  Then  (x,^)  is 

\ 

a Cauchy  sequence  and  is  in  some  class  in  C.  To  show 
the  independence  of  choice  of  representatives#  let  (x^) 
411(1  (y£)  be  from  the  same  classes  as  (xn)  and  (yn)  re- 
spectively. Then,  sinoe  they  are  in  the  same  class# 
for  ^ > 0#  there  is  an  integer  N such  that  n > K im- 
plies *(xn#x/l)  < "J?.  Similarly,  for  n > M,  *(yn#yj,)  <']• 
Let  K be  the  larger  of  M and  H.  Select  an  arbitrary 
6 >0.  From  the  uniform  metricitv  of  0(ab)  there  is 
"J  > 0 such  that  e(x,x* ) < y and  e(y,y»)  < ^ imply 
»(xy#x*y* ) < £.  Combining  these  statements#  we  have 
that  6 > 0 imolies  the  existence  of  K such  that  n > K 
implies  that  ®(xaFn»*£y£)  < & . This  is  precisely  the 
requirement  that  (xnyn)  and  ( x £y£)  be  in  the  same  equi- 
valence class,  and  hence  the  operation  in  C is  indepen- 
dent of  representatives* 


tores  k.2.  Jlih  multiplication  defined  JLn  Lemma  4.i , 


c la  uniformly  metric. 

£xqq£.  For  an  arbitrary  6 > 0,  there  are  > 0 
and  <y2  > 0 such  that  a(x,x* ) < ^ and  a(y,y‘)  < ^ 
imply  that  a(xy,x»y»)  < Suppose  f>  ( [( xn)j  , f(  ) 

* * 7l  “d  Plfryni  •[(? i)?  ) < Jz-  Then 

there  is  an  IT  such  that  n > N implies  that  d(xn,x^)  < ^ 

and  a(yn»y^)  < 7?,  since  otherwise  the  limits  of  these 
distances  could  not  be  less  than  and  respect- 
ively. Hence,  for  n > V,  a(xnyn,x*lyJ)  < e and 

xn$  L l(  TnS  * H *&)$  1 [( y^)j  ) « p ([( *nyn)M  x^y^)J)  « 

lim  d(xnyn,xflyfl)  ^ £ • This  last  is  precisely  the  re- 
n— ► 

quirement  for  uniform  metrioity. 

Ihfiaifia  ^*1.  II  Q(ab)  la  a uniformly  metrlo  grounoid. 

G(ab)  may  la  Isomorpiuoally  lsometrloanv  .am bedded  la 
A aomnlfltft  me.trl0  iccounoid  o (Ha  GantoT-Hauadorff  com— 
aletion)  la  Jthlch  -the  image  a£  G(ab)  1&  lansa*  It  Q 
1a&  an  identity , then  c jeUJL  have  an  identity,  c »m 
la  ■gQffimut-jtiYfl*  AX  la  associative.  11  and  only  If  G la 
■fioawitttatlTP*  ax  la  Aaa.ooiatiYft,  xsaoeotiyely.  iinreover. 

Ha  uniform  natrioity  nxoperty  *111  la  carried  over  c. 

llQO f*  This  follows  from  Lemmas  1.1  and  1.2,  and 
Theorems  3«3»  3*1,  and  3*5  when  we  note  that  the  Cantor- 
Hausdorff  completion  of  a metric  space  is  a olosure  of 
the  space  (more  precisely,  an  isometric  image  of  the  space.) 
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CHAPTER  V 

1 » 

COMPLETION  OF  A UNIFORMLY  METRIC  CROUP 

A topological  group  is  a group  in  which  both  the 
binary  composition  and  the  operation  of  taking  inverses 
(inversion)  are  continuous. 

■Xhaorem  5*1 » II  o(ab)  Xr  a uniformly  BflettdQ-tta.tri.fi 
&iqup*  then  iay.si,aIoa  J La  unifomilY  continuous  in  c aad. 

O JLfl  3k  topological  group . 

Proof.  For  an  arbitrary  6 > 0,  there  is  > 0 
such  that  a(a,a' ) < y Implies  »(ab,a*b)  < £ for  all 
b,  from  the  uniform  continuity  in  each  argument.  Sim- 
ilarly, given  y > 0,  there  is  / > 0 such  that  a(b,b' ) 

< / implies  »(ab,ab*)  < sy  for  all  a.  Let  a(x,x0)  < Z'. 
Then  * a(e,x“1x0)  < ^ , and 

•(•^•(x*1**)*;1)  « •(xjx*x*1(x0x;1))  * c(xq1,x*1)  <£. 
This  1 8 the  condition  that  inversion  be  uniformly  con- 
tinuous. That  xy  is  continuous  follows  from  the  Moore 
Theorem  previously  mentioned. 

Sarollm*  11  (Xp)  la  a Cauchy  sequence  in  a uniformly 
ffletj&c  g.rgup , thea  (x^1)  Is  £ Oauchv  seouenoe. 
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IhfiQrffln  5»g»  A ay,  uniformly  malria  -group  1b  a topping- 
Ifial  SXOUSL  aM  Ml  h&  IflQBIfltrififtll  y Isomorahi  pally  m- 
lA  A complete  Uniformly  aiatrlo  topological  grnun 

In  Janicn  Hjb  Image,  la  lease*  Ilia  oompieticn  win  be 

nOmmnliatlYft  I£  and  only  JLC  the  original  group  1r  nnm- 
mutatlve. 

Proof*  This  follows  from  Theorems  4.1.  and  5*1* 
and  the  corollary.  The  corollary  assures  us  that  the 
inverse  of  an  element  in  the  completion  is  also  in  the 
completion.  The  closure*  associativity  * identity,  and 
commutativity  properties  follow  from  Theorem  4.1. 

We  note  that  every  normed  commutative  group,  under 

« . « ' 

the  metric  a(*,jr)  ■ |r  - y|,  le  a uniformly  metrio  group 

(6). 
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CHAPTSR  VI 

EMBEDDING  A GROUP  IN  A BANACH  SPACE 

In  this  chapter  we  shall  use  the  additive  notation 
for  the  normed  group  0.  mx,  where  m is  any  non-zero 

integer,  means  x 4 x 4 • . .4  x»  the  "sum"  of  m x*  s assoc- 

iated in  any  way,  if  m is  positive,  and  (-x)  4 (-x)  4 
•••  + (-x)  if  m is  negative.  Ox  gives  the  group  ident- 
ity for  all  x.  We  note  that  (m  4 n)x  » mx  4 nx,  m(nx)  * 

(mn)x,  where  m and  n are  any  integers  and  x is  any  el- 

ement of  G.  Also,  since  G will  be  assumed  to  be  com- 
mutative, we  can  "add"  in  any  order!  n(x  4 y)  * nx  4 ny 
for  all  integers  n and  for  all  x and  y in  G. 

Now  let  G be  an  additively  written  normed  commut- 
ative group.  In  addition  to  the  norm  requirements  for 
a group,  the  norm  on  G is  assumed  to  satisfy 
(P)  jmx)  * Jmj  1 x)  , 

where  n is  any  integer,  and  x any  element  of  0.  We  con- 
struct a new  set  B * I X G,  the  set  of  all  pairs  (m,a), 
where  m is  any  non-zero  integer  and  a is  any  element  in 
the  group  G.  In  this  set  we  define 
(A)  equality:  (n,a)  * (m,b)  if  and  only  if  nb  « ma. 
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(B)  addition:  (n,a)  4 (m,b)  * (mn,ma4nb)i 

(O)  anon!  j(n,a)j  » j£|ja|. 

Thie  construction  has  also  been  employed  by  Neumann  (21) 
under  different  hypotheses* 

From  (A),  (n»a)  = (n,a),  and  if  (n,a)  * (m,b), 
then  (m,b)  * (n,a).  If  (n,a)  * (m,b)  and  (m,b)  *=  (q,c), 
then  nb  * ma  and  mo  * bq*  Multiply  the  first  equation 
by  q and  the  second  by  n.  Then  qma  = qnb  * mnc.  Adding 
-mnc  to  both  sides*  we  get  that  m(qa  - no)  « 0.  But 
this  oannot  be  true  unless  qa  • no  * 0 * sinoe  otherwise 

(P)  would  not  be  satisfied.  Hence,  (n,a)  « (q,o),  and 
(A)  is  an  equivalence  relation. 

We  note  that  (n,0)  * (m,0)  for  all  n and  m,  and 
this  element  is  the  group  identity,  since  (m,a)  4 (n,0)  * 
(mn,na)  • (m,a).  The  inverse  of  (n,a)  ic  (-n,a) , since 
(n,a)  4 (-n,a)  * (-n2,0).  Repeated  addition  follows 
the  rule 

(D)  m(n,a)  * (n,ma). 

Consider  the  mapping  f(a)  **  (l,a)  of  0 into  B. 
f(a  4 b)  * (l,a  4 b)  « (l,a)  4 (l,b)i  hence,  since  it 
i 8 clearly  biuniform,  f is  an  isomorphism.  Further, 
the  norms  of  the  elements  of  this  subset  of  B are  the 
same  as  the  norms  of  their  originals  in  G.  Hence,  dis- 
tances are  preserved  by  this  mapping,  and  we  have 


IhfiQrftffl  6*1*  Jhs  eaten  BlOO  B JLfi  a commutative  group 
ahish,  Is  IlQIffifid  Jax  ( 0 ) » and  .?hlch  contains  & subgroup 
Isomorphic  and  Isometric  la  a under  jaa  manning  f(&)  «= 
(l »a) . 

If  we  define  £ (n,a)  to  be  p(qn,a),  (D)  gives  the 
rule  for  finding  the  produot  of  an  element  of  B by  the 
rational  number  g • Let  <A  and  (3  be  the  rational  num- 
bers g and  •§  , respectively.  Then,  using  (A),  (B), 
and  (C) : 

(o(  + (3  )(n,a)  * (g  4 -§)(n,a) 

* (n,a) 

« (qsn,(pe  4 qr)a) 

* (osn2,psna  4 qrna) 

* (qn,pa)  4 (sn,ra) 

« § (n,a)  4 .§  (n,a) 

* cx'Cnta)  4 (3(n,a) » 

Similarly,  o^((n»a)  4 (m,b))  * cA  (n,a)  4 ^(mjb) , and 
( (^(n,a))  * Also*  l(n,a)  « (n,a).  Hence, 

we  have  embedded  G in  a normed  rational  vector  space, 
the  norm  being  given  by  (0).  $e  express  this  in 

UloaiSBL  6.2.  Jh&  astension  Bjsa  named  rational 
££S!21  SEacfi  ihfifis  MltliZe  gr^ 
ieometrlcallv  isomorphic  to  G. 


Ifr&Orfiffl  6.3 » Hlfl  iknlox-Hausdorff  cornel ctlcn  nf  n 
HOXlBfid  Xatlonal  vector  apace  JLfi  A Jeal  vector  an  age 
Jllifill  £an  J2£  HQiaStfli  Ml  kfiBC.fi  ±&  a Banach  space. 

LxqqZ * If  R is  a normed  rational  vector  space , 
it  i 8 a uniformly  metric  group,  and  its  completion  C 
is  also  a uniformly  metric  group  by  Theorem  5.2. 

0 will  also  be  commutative. 

Let  X denote  the  Cauchy  sequence  equivalence  class 
£(*h)J  ln  t*e  completion  0.  Define  j Xj  « lim  |xn|* 

oO 

This  limit  exists  since  jx|  is  a continuous  function 
of  x.  Then  | X - Tj  - J{(xn  - yn)j  | * lim  jxn  - ynj  « 

Hm  e(xn,yn)  « P(X, T),  the  metric  in  C.  Thus,  0 is 
a normed  commutative  group. 

Define  A X for  /\  rational  to  be  the  class  (( Axn)j  • 
(This  a Cauchy  sequence  class,  since  o( /\  Xi,vAxj)  * 

•/'*t  - A*3|  - I A(*t  - ipi  . | Alin  - xji  . 

< 6 for  .(at!,*})  < 4 •)  Then  0 admits 
operators  from  the  rationale  and 

( A *^/)X  * [((/\  4^)xb)3  * £(/Un  4 ^xn)  - 

/U  4 /fX\ 

A(x  4 y)  * {(/)(xn  4 yn))j  * [(X*n  ♦ Am)  * 

Ax  4 /\y* 

Ai/n)  - [iA(//x n))j  « [(iA//)xn)]  - (Ay4)Xi 

lx  « (Ixn)  « (xn)  * x. 

Further,  j/\x|  . ilm  , /\  xn,  - j ^ , li*  j . |A|jXj. 


Choose  a sequence  of  rationale  ( /)  n)  which  ap- 
proaches o(  » a real  number*  Form  the  sequence  AjX, 
/\gX»...  of  elements  of  0*  This  is  a Cauchy  sequence* 
since  p(/\^X*/\jX)  * |/\iX  — /A^Xj  « { ( /\ ^ — /\j)Xj  * 
\Ai  - Ajiixi,  where  |X|  is  finite  and  j /\^  - /|j| 
can  be  made  arbitrarily  small.  This  Cauchy  sequence  in 
the  completion  must  hare  a limit.  Define  o^x  to  be 
this  limit.  Thus*  multiplication  by  the  reals  is  de- 
fined in  0.  Let  c*(  * llm  /\*t  0 « lim  /)*.  Then 

t “►o*  J 

(o(  4 (3)1  * lim  ( Xi  4 /^X  * lim  Xi*  4 lim  ^X 

\r*p° 

* X 4 XJ 

c<(X  t y)  « lim  AAx  4 T)  « lim  /\.X  4 lim  /\<Y 
i-*^  i-*^  1 

• X 4 Ti 

^((^X)  «*  lim  XaBi)  rn  lim  A llm/t/iX 

* lim  lim  * (<*7^)x; 

and  as  before,  IX  * X. 

By  the  proof  of  the  Cantor-Hausdorff  completion 
theorem,  o(X  is  the  limit  of  the  sequence  ( * 

where  (%,fc)  is  a subsequenoe  of  the  Cauchy  sequence  (j^) 
in  the  equivalence  class  denoted  by  X.  Then,  from  the 
definition  of  the  norm  in  C, 

l=<X|  - ltaj  Ak*mkl  - limj  Ak||%kl  - I c<-|  I X|  i 
Thus,  C is  shown  to  be  a complete  normed  real  vector 
spaoe,  and  hence  a Banach  space* 
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Remembering  that  G was  ieometrioally  isomorphically 
embedded  in  B,  and  that  B is  ieometrioally  isomorph- 
ioally  embedded  in  G,  we  hare 

6.4.  AUX  naiaed  oommutativft  grotr?  gatiefviny 
(p)  can  £&  .embedded  In  & Banach  space. 
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CHAPTER  VII 
METRIC  A-LATTICE8 

Several  studies  (1  ,h,9  ,ll  ,13)  have  been  concerned 
with  lattices  whioh  form  a groupoid  under  a third  oper- 
ation. Under  different  hypotheses  as  to  the  relation 
that  this  third  operation  bears  to  the  two  lattioe  oper- 
ations t various  systems  of  interest  result.  The  struc- 
ture we  wish  to  investigate  is  similar  to  what  Birkhoff 
(*0  calls  a commutative  m-lattioe.  3omewhat  related 
systems  are  the  lattice  ordered  semigroup  and  the  lat- 
tioe ordered  group. 

Consider  now  a lattioe  L in  which  a third  binary 
operation,  A-multiplication,  is  defined  under  whioh  L 
forms  a groupoid.  We  further  require 

(A)  Commutativity:  a A b *=  b A a,  for  all  a and  b in  L; 

(B)  Distributivity  of  A over  meet  and  join:  a A (b/\o) 

- (a  4 b) A (a  6 o)  and  a A (bVc)  «=  (a  A b)\/(a  A o), 
for  all  a,  b,  and  c in  L. 

A lattice  with  A and  (A)  and  (B)  is  oalled  a A-lalilfia* 

If  I;  is  a normed  A— lattioe  in  whioh  A— translations  are 
isometries,  then  L is  a aa.tr  A-lattloe.  If,  further, 
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A-multlplioation  is  associative,  L is  an  AfifiaciaiilfiL 
metric  A-lallic &• 

An  interesting  example  of  an  associative  metric 

A-lattice  i 8 obtained  as  follows*  let  En  be  the  n- 

dimensional  Euclidean  space.  Take  the  convex  body  de- 

n 

fined  by  the  hyperplanes  E ^ixi  * 1*  where  ± l. 

1 *s 

The  distance  function  in  the  non-negative  quadrant  of 
the  n-dimenaional  Minkowski  space  defined  by  this  con- 
vex body  will  be  the  distance  function  of  a normed  lat- 
tice formed  on  this  quadrant  by  the  ordering  (xltx2,.. 

••»*n)  ^ (yi*y2»'«**yn)  and  °my  *i  ^ y*  for  an 

n 

i»  and  the  norm  j (x^ix^,. . . »xn)|  * r ij.  This  normed 
lattice  with  ^-multiplication  defined  as  veotor  addition 
forms  an  associative  metrio  A-lattioe. 

Let  o(  and  (3  be  any  two  mappings  of  a normed  lat- 
tice into  itself.  Define  a mapping  Vfi  by  x(c^j/(3)  « 
xo(  Vx(3,  and  <*A  ft  by  x{<mA&)  » x^Ax(3. 

Now  let  E be  a set  of  isometric  endomorphisms  on 
a normed  lattice  L.  If  E is  closed  under  c^/1/3  and 
d V (3  as  defined  above,  it  follows  from  the  lattice 
properties  of  L that  E is  a lattice*  If  5 is  also 
closed  under  endomorphism  multiplication,  E is  called  an 
trie  iCpbl .lattice . If  endomorphism  mult- 

iplication commutes,  E is  a commutative  Isometric  end- 


ing rphlM  lattice. 
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It  should  be  noted  that*  from  (B),  A- translations 
in  a A-lattiee  are  lattice  endomorph isms,  and  thereby 
preserve  order* 

Theorem  7.1.  lx U A-latUgfi»  a A b * (a/4b)  A (aVb) 
for  All  a and  h in  iha  lat.Alc.fi* 

Proof.  (a/\b)  A (aVb) 

* ((aAb)  A a)\/((aAb)  A b) 

- ((a  A a)  A (a  A b))  V(U  A b)A(b  A b)) 

^ (a  A b)  l/(  (a  A b)/\(b  A b)) 

* a A b. 

Also,  (al^b)  A (aAb) 

« (UVb)  A a) A ((a  Vb)  A b) 

» ((a  A a)  l^(b  A a))  A ((a  A b)  l/(b  A b)) 

> ((a  A a)  VAb  A a))/((a  A b) 

* a A b. 

By  the  antisymmetry  of  , (aAb)  A (aVb)  * a A b. 


This  relation  between  the  three  operations  in  the 
lattice  has  been  demonstrated  by  Dedekind  (9)*  Freu- 
denthal  (13) » Birkhoff  (*0,  Everett  (ll),  and  Arnold 
(l),  all  under  more  restrictive  hypotheses.  Since  it 
clearly  implies  the  uniqueness  of  relative  complements, 
a A-lattlue  is  necessarily  a distributive  lattioe.  In 
this  same  connection,  it  should  be  noted  that  a metric 
A-lattice  satisfies  the  cancellation  law  for  A-products, 


since  isometries  are  biuniform. 

We  shall  need  the  following  result  of  Blumenthal 
and  Ellis  (5)s 

Imam  7*1*  IX  f la  a ana-la-ana  manning  a normed 
lattlCfi  L onto  a norma, fl  lattice  !>'  Which  noasesRea  any 
Iso  OX  JBlb.  Ini  lowing  properties. 

(1)  f preserves  norma  modulo  a constant; 

(2)  f nreaervea  meets; 

(3)  f nxeserves  distanoea; 

Iftcn  f also  JBQ.BagSflfiB  the  third  property. 

So  roll  ary*  IX  la  an  laometric  la  t tic  a nndomnr^hi  «m 
nn  Ika  normed  lattice  i»  °<  me  serve  a norma  modulo  a 

non-negative  .constant*  IX*  moreover,  .the  norma  in  L are 
bounded  * Ibis  constant  ia  o. 

f.roof » By  the  Archimedean  property  of  the  real 
field,  there  exists  an  integer  n such  that  njkj  > a, 
where  k is  the  constant  guaranteed  by  Letmia  7.1*  and  a 
ie  an  arbitrary  but  fixed  element  of  L.  Now,  lao^l  « 

Ui  4 k,  Jao<2j  * laoc'l  4 k * ja|  4 k 4 k.  Similarly, 
ja:><nj  b jaj  4 nk.  If  k were  negative,  jao^11!  would  be 
negative,  which  is  impossible.  If  the  norms  are  hounded, 
k must  be  0,  since  otherwise,  if  H is  the  bound,  there 
would  exist  an  n such  that  nk  > If,  and  henoe  jac^nj  » 
jaj  4 nk  would  be  > M. 


Lemma  7.1  and  the  corollary  enable  us  to  associate 
with  each  isometric  endomorphism  of  a normed  lattice  a 
non-negative  constant.  If  cA  is  an  isometric  endomorph- 
ism on  the  normed  lattioe  L,  define  j cK  | by  the  equality 
\xa(\  ■ JxJ  + \cX  J . In  particular*  in  a metrio  A-lattice 
for  eaoh  element  a there  is  a non-negative  constant  /\a 
such  that  | a A b|  * j b j ♦ /\a»  At  the  same  time*  |a  A bj 

* |a|  + /^b*  or  lal  * lbl  * Aa  - At>*  In  operator 
notation,  where  denotes  the  translation  by  a,  we  have 
|xRal  * jx|  ♦ /\a,  so  that  |RaJ  * /\a»  Also  from  Lemma 
7*1*  we  can  make  an  equivalent  definition  of  a metric 
A-lattice*  A metrio  A-lattice  is  a normed  A-lattice  in 
which  |&  A x|  * jxj  ♦ /\a  for  all  a and  x*  where  Aa  is 
a non-negative  function  of  a.  For,  A- translations  pre- 
serve meets  by  (B),  and  preserve  norms  modulo  a constant 
by  definition.  Then,  by  Lemma  7.1,  they  are  isometries. 

Lemma  7.2.  Every  commutative  Isometric  endomomhim 
lattice  an  a Banned  laUl.ce  L i£  m associative  metric 
A "•lattice. 

Proof . Let  A be  a commutative  isometric  endomorph- 
ism lattioe  on  the  normed  lattice  L.  For  o(  and  (3  in 
A.  M V0\  ♦ \olAd\ 

.\xUV(3)\  - |x|  + |x(o</| (3)  | - |x| 

»|xWKxf3|  - |x|  ♦ Ixo^/lx^l  - |x| 
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* Ixo^l  4 \xfi\  - - IxJ  4 jx^Ax^j  - Jxj 

* \xc\\  4 \xpl  - 2|xj 

- 1*1  4 Kl  4 |x|  4 \(3\  - 2\  xj 

* 1^1  4 I p\ • 

If  a(  < (3  * xo(  < x (3,  since  « o( , and  o{  4 3 . 

Then  jxc?(|  < |x(2>|.  and  |^  | * J xc< J - J x|  < \x(3\  - |xj 
* |(2|  . Thus  A is  a normed  lattice.  Endomorphism 
multiplication  commutes  by  hypothesis.  r{<3  V (3>)^y  » 

(xo<  Kx^)^  * (xcv^  Vxf3y)  m x{A^j  V (3fij)  , so  that 
multiplication  distributes  over  joint  and  similarly 
over  meet.  Also 

M/3  . - |*| 

* I (x  oJ)(3\  - I x| 

* Ixc^j  4 J (3\  - |x| 

* 1*1  4 lo(i  4 \@\  — | Xj 

■ b^l  4 I (3\  • 

Hence » we  have  satisfied  the  second  definition  of  a met- 
ric A-lattice.  We  have  here  the  special  case  in  which 

* |ct(|.  Now,  x(^(3)V  * ((x^)(3 )Y  * {xo()^yt 
and  therefore  (cptffly'  * c?<((5V),  the  associative  law. 

In  the  sequel,  we  shall  always  understand  that  a 
commutative  isometric  endomorphism  lattioe  is  normed  in 
the  above  fashion. 


Iheorem  7.2.  -If.  L Xs  an  iLsaociatlve  metric  A-lattloe. 


then  11  la  1 Metrically  latilOfl  lSQ21ftI£k.ja  la  A £021- 
mutatiye  isometric  endomorphism  lattice  on  l fioflLoaaad 
Ol  the  A- translations  ol  L*  IflZftQgfiX > this  latllfift 
isomorphism  la  SL  TIUlUpllgaU.Yf  iSQglQIOhlgm* 

Proof.  Let  3 be  the  set  of  all  A-translations  on 
L.  These  form  a lattice  under  Ra^Rb  and  Ra  ARb  as  de- 
fined for  two  arbitrary  mappings#  since  Ra  ^ * RaVb» 
and  Ra^Rb  * Ra^b*  further,  RaRb  * RbRa  sinoe  x(RaRb) 

* (xRa)Rb  * (x  A a)  Ab#  x A (a  A b)  «=  xR^b  - *RbAa 
« x(RbRa)»  Remembering  that  A-translations  are  iso- 
metries# it  i 8 now  clear  that  3 is  a commutative  iso- 
metric endomorphism  lattice*  The  mapping  a Ra  is 
dearly  a lattice  isomorphism*  Also 

*(Ra»Rb)  * lRa^Rb!  - iRa^Rbl 

* AaVb  * \/\b 

> * |a  Vbj  - J a A b | 

* a(a,b), 

and  thus#  it  is  also  an  isometry,  a A b— ► R^b  * RaRb» 
whioh  establishes  that  it  is  also  a multiplicative 
isomorphism* 

Theorem  7.3*  If  L is  a normed  lattice  which  is  isomet- 
£lflaUy  laptop  lattBPIPfrlff  la  JBSKftg  commutative  ljaometrio 
mflgTCPnfrlOT  latllfig  3 m L»  -then  a multiplication  mi 
intrpdupeq  In  L under  ffhjgh  L &,ra.g  §SL  associative 
agtrlc  A-lattjce , arid  the  £ive&  1 some  trie  lattice  l§fi- 
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aaiphlffiB  nJL  L onto  3 gill  also  Jjfi  & multiplicative 

laomorphlea* 

Proof*  By  Lemma  7*2,  S is  an  associative  metric 
A-lattice  in  which  \o{\  4 j @\  • To  define  a 

multiplication  in  L*  let  f be  the  isometric  lattice 
isomorphism  of  L onto  8*  For  a and  b in  L»  define 
a A b * ^(ftaJfCb)) , where  f"1  is  the  inverse  of  the 
mapping  f.  By  Lemma'll*  f preserves  norms  modulo  a con- 
stant* so  that  ja|  m |f(a)j  4 k.  Now* 

a A (aV/o)  * f"l(f(a)f(b  Vo) ) 

- r*(f(a)(f<b)  Vf(e))) 

* f-l(f(a)f(b)  Vf(a)f(o)) 

* f-l(f(a)f(b))V/r1(f(a)f(c)) 

* (a  A b)  V^(a  A c)  * 

so  that  A-multiplicatlon  distributes  over  join*  and  sim- 
ilarly over  meet.  The  commutativity  and  associativity 
of  A and  the  fact  that  f is  also  a multiplicative  iso- 
morphism follow  direotly  from  the  definition  of  a A b. 

It  remains  to  show  that  translations  in  L are  isometries* 

|a  A bj  « Jf(f-l(f(a)f(b)))j  ♦ k 

* |f(a)f(b)j  4 k 

* |f(a)|  4 |f(b)|  4 k 

* jaj  - k 4 jbj  - k4k 

* |a|  4 |b|  - k. 
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Then,  »(a  A c*b  A o) 

* I (a  A c)  V (b  A o)  | - | (a  A c)/!(b  A c)| 

* j(a\/b)  A oj  • |(a/\b)  A oj 

« jaVbj  <♦  jcj  « k **  jaAbj  * |o|  ♦ k 

* |al/bj  - |a/\bj 

* a(a>b). 

. Thus,  the  multiplication  defined  in  L makes  L an  assoc- 
iative metric  A~lattioe»  and  the  theorem  is  proved* 

. .,.*4  ' * 

Combining  Theorems  7.2  and  7.3,  we  get  the  following 
characterisation  of  associative  metric  A-latticee  among 
metric  lattices: 

IfrfiQrfffl  7.4.  JLfil  L ka  normed  lattice.  Then  L admits 
A multiplier  til  an  12  ISHO.  An  associative  metrio  A-1  ittl  ce 
11  M mix  11  h la  JUQmfitri tally  lattice  isomorahic  ia 
a AflmmutrtiYft  isometric  endomorphim  lattice  m itself. 
ml  In  ma  naan  i&n  isometric  laities  isomomhisn, 
laasn  t and  iks  a aerator  lattice  is  also  a muiticiic*- 
li££  isomorphism. 

Wilcox  and  aitiley  (23)  have  shown  that  any  normed 
lattice  can  be  embedded  isomorphically  and  isometric- 

ally  in  a metrically  complete  lattice.  Since  A-trans« 

■ ■# 

lations  are  isometries,  it  is  easily  seen  that  the  A- 

‘ ( ; s':  j ; -y  + 4 

operation  is  simultaneously  uniformly  continuous,  so 
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that  it  is  possible  to  define  a A-multipli  cation  in  the 
completion.  This  operation  will  distribute  over  meet 
and  join*  and  A-translations  will  be  isometries.  Hence* 
we  have  that  an  associative  metric  A-lattice  can  be 
iaometrioally  isomorphically  embedded  in  a metrically 
complete  associative  metric  A-lattice. 


CHAPTER  VIII 


GAUSdlAN  SEMIGROUPS 

In  this  chapter,  we  Investigate  the  relation  that 
a suitably  restricted  associative  metric  A-lattice  bears 
to  a reduced  Gaussian  semigroup.  We  shall  need  the 

equivalent  definition  of  a metrlo  A-lattice  furnished 
by 

A as  trio  A-lattlce  i£  rireoisel  v 4 A-1  at 
xm  ahifib  Jjs  defined  a non-negativa  strictly  mon- 
alone  Increasing  real  function  |x|  such  jdiat  ja  a b|  « 

Ui  4 jbj  4 k,  jhere  ki£i  constant. 

LlQQt . Let  L be  a metric  A-lattioe.  Let  jxj  be 
the  norm  of  L.  Then  ja  A bj *  *=  |aj  4 /\b  - jbj  4 /\a. 
let  k , \ - |b|.  Then  k is  Independent  of  b since 

* ^a  • |a|»  and  we  have  ja  A bj  «=  jaj  4 jbj 
4 k.  Conversely,  suppose  L is  a A-lattice  and  jxj  is  a 
non-negative  strictly  monotone  increasing  real  function 
on  L with  ja  A bj  c jaj  4 jbj  4 k.  Now,  by  Theorem  7.1, 
a A b * (a  Vb)  A (a  Ab) , so  jaj  4 jbj  « ja  A bj  - k « 
j(aVb)  A (a/\b)|  - k « jaVbj  4 JaAbj  , and  the  function 
is  a lattice  norm.  To  show  that  A-translations  are  iso- 


metrics*  we  observe 

d(a  A b»a  Ac)*  |(a  A b)  Via.  A c)j  - j(a  A b)A(a  A c)| 

* |a  A (b\/c)j  • Ja  A (b/\c)| 

* |a|  ♦ jbVoj  4 k - (|aj  * JbAeJ  4 k) 

* jb  V o|  • Jb  Aoj 

* a(b#c). 

Thporpm  &.P.  Any  reduced  Gaussian  gemlgroun  mav  be  made 
iflto  an  ajBaQfilatiYfl  me  trie  A-lattice  with  lattice  order- 
ing an  divisibility. 

EiqqX * Let  G(ab)  be  a reduced  Gaussian  semigroup* 
and  let  8 be  the  set  of  irreducibles  of  G.  Let  f be  any 
function  which  assigns  a positive  real  number  to  each 
element  of  3*  Set  jej  * 0»  where  e is  the  identity  of 
G(ab)»  and  let  |p|  * f(p)  for  p an  element  of  3.  Any 
element  of  0 has  a unique  factorization  into  irreducibles. 
If  a has  the  factorization  a * rr  p^* , define  jaj  « 

^ ^ilPil*  Define  a ^ b if  ajb.  This  ordering  makes 
G a partially  ordered  set;  and  since  the  g.c.d.  of  two 
elements  serves  as  their  meet,  and  the  l.c.m.  as  their 
join*  0 1 8 » in  fact*  a lattice*  Moreover*  a(bVc)  * 
a(l.c.m  of  b and  c)  * l.c.m  of  ab  and  ac  * abVao,  and 
similarly  multiplication  distributes  over  meet.  The 
commutativity  and  associativity  of  multiplication  follow 
from  the  definition  of  a Gaussian  semigroup.  It  is  clear 
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from  the  definition  of  jxj  that  JabJ  * | a|  4 |b|  * so 
that  by  Theorem  8.1 » it  suffices  to  show  that  jxj  is 
strictly  monotone  increasing.  If  ajb  and  a 4 b»  then 
there  is  an  element  x in  G»  x 4 ®»  80  that  ax  * b.  Hence 
jbj  « jaj  4 jx|  > ja|.  Thus  the  theorem  is  proved. 

We  call  a A-lattioe  ,Ua,nalU¥j6  afrflye  if » for  x ^ y, 
there  is  * so  that  x A z « y.  A normed  lattice  with 

first  element  is  called  atomically  Lflimlfed  if  it  is  an 

■* 

atomio  lattice  in  which  the  norms  of  the  atoms  preced- 
ing a given  element  are  bounded  away  from  0.  We  shall 
assume  that  if  a normed  lattice  has  a first  element , 
the  norms  have  been  reduced  modulo  a constant  so  that 
the  norm  of  the  first  element  is  0« 

Lemma  8.1.  M ataalg  associative  Bg.tzls  A-laUloe  which 
la  Iranfiltlga  above  & mumpn.caUvft  liten.Ulx  jtkicL 
la  ILa  llral  eleafeali  ol  lk£  laliica* 

Proof.  Let  L be  an  associative  metric  A-lattice 
which  ie  transitive  above.  For  each  x in  L there  is 
ex  with  x A ex  * x.  Similarly*  y A ey  * y,  so  that 
xAyAexKxAyA  ey,  and,  by  cancellation,  ex  * ey. 
Thus,  there  is  an  identity  element  e.  Since  Jx  A ej  * 

I *|  4 /\et  /\e  * 0.  Then  Jxj  - Jej  * /\x»  which  is  non- 
negative, and  thus  Jej  ^ Jxj  for  all  x.  But  since  L is 
a normed  lattice,  the  first  element,  and  only  the  first 
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elementi  has  norm  0,  and  hence  e is  the  first  element. 

Lemma  8*2*  The  product  of  distinct  atoms  in  an  atomic 
associative  metric  a-lattice  la  their  loin* 

Proof.  This  follows  by  induction  from  Theorem  7.1. 
If  p and  q are  distinct  atoms,  p A q * (p  l/q)  t (pAq), 
and  sinoe  pAq  * e,  we  have  p A q * p Vq* 

It  is  now  clear  that  in  an  atomic  normed  lattice, 
atomic  boundedness  is  equivalent  to  the  property  that 
a given  element  is  preoeded  by  only  a finite  number  of 
atoms,  for,  if  there  were  an  infinite  number  whose  norms 
were  not  bounded  away  from  0,  the  norm  of  the  element 
which  these  atoms  precede  would  not  be  defined,  since 
the  element  itself  has  to  follow  the  join  of  these  atoms* 

Iheorem  8*3*  In  atomically  bounded  associative  metric 
A-laUiQe  -which  la  IranfiitiVft  above  forms  A reduced 

flaasaian  semigroup  la  jhlsh  ids.  lattice  ordering  i* 
divisibility*  and  Ida  atoms  are  the  lrreduoibles. 

Liooi « The  multiplication  is  associative  and 
commutative  from  the  definition  of  an  associative  metric 
A-lattice,  and,  as  we  have  already  noted,  the  cancella- 
tion law  is  valid.  By  Lemma  8.1,  there  is  a multipli- 
cative identity  e which  is  the  first  element  of  the  lat- 
tice. Suppose  x ^ y.  Then,  by  the  transitivity  above, 
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xjy*  Now,  a A(a  A b)  » (a  A e)/\(a  A b)  * a A (eAb)  * 

a A b»  therefore,  a ^ a A b.  Thus,  ajb  Implies  a ^ b, 

and  the  lattice  ordering  is  divisibility.  Let  Ax  be 

the  se t of  atoms  preceding  the  element  x.  Ax  is  finite 

beoause  the  lattice  is  atomically  bounded.  Then,  by 

Lemma  S.2,  the  produot  of  all  the  atoms  in  Ax,  written 

17  P » is  their  Join.  Since  the  lattice  is  transitive 
*x 

above  and  this  product  precedes  x,  there  is  an  element 

xl  such  that  x * x^  r»  p . Now,  x^Jx,  so  that  the  set 

Ax 

of  atoms  preceding  ij  is  a subset  of  Ax.  Denoting  this 

‘ > 

set  by  Ax^ , and  repeating  the  process  for  x^»  there  is 
an  element  xp  such  that  x * x0  n p v p . Since  the 

A*I  ** 

norms  of  atoms  are  positive,  this  reduction  must  ter- 
minate with  an  xn  — e,  and  x has  been  decomposed  into 
a product  of  powers  of  the  atoms  preceding  it.  It  re- 


mains only  to  show  that  this  decomposition  is  unique. 

To  do  this,  it  suffices  to  show  that  if  an  atom  divides 
a product,  it  divides  one  of  the  factors.  Then  it  will 
be  possible  to  cancel  from  the  two  factorizations  step 
by  step*  Suppose,  then,  that  p is  an  atom,  and  p|ab, 
but  that  p does  not  divide  either  a or  b.  Then  p Aa  « 
p Ab  * e,  or  pA(a\/b)  * e,  since  L is  distributive. 

Case  U a Ab  4 «•  Then  e,  p,  aVb,  aAb,  and  pVUVb) 
form  a non-modular  sublattice  of  L,  which  is  impossible. 
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Case  II!  a/\b  * e • Then  aVb  * a A b»  and  since  p/1a 
is  assumed  to  be  e,  p A a * pVa.  But  p ^ a A b,  and 
a * a A b.  By  the  transitivity  above,  p A a A x *= 
a A b for  some  x,  but  this  imolies  pjb,  contrary  to 
assumption.  Thus,  the  theorem  is  proved. 

Combining  Theorems  B.2  and  B.3,  we  have 

X i 

IhfiflXflni3.4.  ilgsbraicallY*  Ilia  Claris  of  atomicaiiv 
■bounds, d associative  mat  lie.  A-lattieea  which  ar*  trana- 
iiijtfi.  above  la  Hie  alaas  nl  xe.aueefl  £auas,i,an  semi  group  a. 
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CHAPTER  IX 

SOUS  UNSOLVED  PROBLEMS 

In  the  development  of  this  dissertation*  some 
problems  suggested  themselves  that,  of  necessity,  had 
to  be  left  untreated.  Some  of  them  are  listed  here. 

1.  '.Vhat  are  necessary  and  sufficient  conditions  that 
a complete  metric  groupoid  be  uniformly  metric? 

2.  In  the  case  of  a normed  lattice,  the  relation  of 
modularity  between  the  two  operations  is  carried  over 
into  the  completion.  Also,  in  the  case  of  a metrio 
A-lattice,  the  distributivity  of  A over  join  and  meet 
is  carried  over  to  the  completion.  We  have  dealt  in 
the  first  part  of  this  dissertation  with  certain  alge- 
braic properties  of  a single  operation  which  are  valid 
in  the  metric  completion.  An  interesting  study  remains? 
what  types  of  relations  among  operations  in  a multiple 
operation  metric  algebra  carry  over  to  the  completion? 

3*  What  are  necessary  and  sufficient  conditions  on  an 
atomioally  bounded  associative  metric  A-lattloe  in  order 
that  it  be  transitive  above?  There  is  also  the  same 


question  for  a general  metric  A-lattice. 

i ' \ 

Is  there  a constructive  method  for  norming  a A-lat- 
tioe  so  that  it  becomes  a metric  A-lattioef 

5*  Of  course,  there  still  remains  the  veil-known  un- 
solved problem  of  finding  necessary  and  sufficient  con- 

A ■*. 

ditions  in  order  that  a lattioe  may  be  normed* 
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